Eur. Phys. J. C 12, 113-123 (2000)
Digital Object Identifier (DOI) 10.1007/s100529900239

THE EUROPEAN

PHYSICAL JOURNAL C
(© Springer-Verlag 2000

Alternative mass-shell renormalization
for a minimal supersymmetric Higgs sector

L.-Y. Shan®

Institute of Theoretical Physics, Academia Sinica, P.O. Box 2735, Beijing 100080, P.R. China

Received: 23 March 1999 / Published online: 16 November 1999

Abstract. An Aoki-Denner form of the renormalization scheme is suggested for the physical amplitudes in
the minimal supersymmetric standard model. With the more explicit wave-function renormalization, the
scheme is parameterized by the mass of the physical pseudoscalar (M4) and the mass of heavy CP-even
neutral Higgs (My) instead of the conventional Ma, tan 8 as input. The counterterm of tan 3 is defined
on mass shell perturbatively just within the Higgs sector. The renormalization of gauge-scalar mixings
are fixed by proper Ward—Takahashi identities. The effect of the reparameterization is also probed to the

radiative correction of the mass of the lightest Higgs.

1 Introduction

In the minimal supersymmetric standard model (MSSM),
the masses and couplings of physical bosons are restricted,
and at tree level, they can be expressed in terms of merely
two free parameters, although supersymmetry (SUSY) is
soft broken[1]. These constraints will no doubt receive
radiative corrections, particularly from loops of the top
quark and its SUSY partners (stops).

If the MSSM is a perturbative theory, as is expected,
some of its qualities at low order should be kept somehow
up to higher order. For example, the effective potential
(EP) approach [2] and the renormalization-group method
(RG) [3], with the use of some tree-level relations, give a
logarithm correction & ~ 3G M sin® 3log(1 +m?/m7)[2]
for estimating the mass of Higgs bosons with good ap-
proximation that can be used in Higgs phenomena[4].

When one considers the momentum dependence of the
full set of Green functions in the Higgs sector, one should
also be able to make a logarithm correction like € within
the framework of Feynman diagrammatic calculation
(FDC). At the same time, FDC is also requested for the
simulation of the phenomena on present and future col-
liders [5], where we have made searching for the (lightest)
Higgs boson one of the main goals. For the identification
of a Higgs boson found in the Fermi Lab Tevatron, the
CERN large hadron collider (LHC), or next linear col-
lider (NLC), information about its mass is very useful.
Especially for the study of whether the produced Higgs is
a SUSY one, some appropriate SUSY-like [6] simulations
(the hard relations among the SUSY parameters are held
somehow) for its production cross section and decay width
are crucial too.
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Thus, instead of abandoning all the tree-level relations
in the MSSM, one should investigate which of those simple
SUSY constraints can be retained perturbatively in FDC,
as well as study how the other variables can be manipu-
lated loop by loop. With this in mind, we noticed [7,8], in
which were developed renormalization procedures within
the on-mass-shell scheme following [9]. In their representa-
tion, the physical mass of the Higgs boson was acquainted
with the pole position of the renormalized propagator, and
the Higgs phenomena could be predicted systematically
[10]. Recently, even two-loop FDC in a similar direction
to [9] was developed for the prediction of the parameter
p= M2, /(M% cos? ,,) and the mass of Higgs bosons [11].
All these works have already demonstrated the efficacy of
FDC.

Thus in this work we seek for an alternative realiza-
tion motivated by [12] and [13], in which the wave-function
renormalization of mass eigenstate is performed more ex-
plicitly, and in which the gauge-fixing terms are renor-
malized simply, to present a practical option for general
MSSM perturbative calculations. Such a framework has
been established for the two Higgs doublet model (2HDM),
for example in [14]; however, the property of the SUSY al-
lows us to obtain more connections in the radiative correc-
tions and allows us to construct an MSSM version. Similar
considerations have been adopted in [15] for radiative cor-
rections.

In [15,8,7], as well as in other literature [16], tan j3,
which is not a physical observable, was chosen as a fun-
damental input of the MSSM; we will refer to this as
the 8 scheme. In these works, the counterterm of 3 was
fixed with an MS-like subtraction or fixed in a process-
dependent way involving lengthy calculation of triangle
Feynman diagrams. Since 00 is frequently used in the
MSSM for most FDC, it should be fixed at a definite scale
with an ultraviolet (UV)-finite part, whereas for simplicity
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of the loop calculations, the subtraction should be defined
through a set of two-point one-particle irreducible (1PI)
Green functions but not through the complicated three-
point Green functions.

There is a quite similar situation in the SM, in which
the gauge symmetry has simplified the counterterm of
electric charge de as a combination of the self-energies of
the gauge bosons. Then the renormalization in our scheme
is a reasonable attempt, replacing tan 8 with the mass of
heavy CP-even Higgs M.

In addition, the mixing of gauge and Higgs bosons will
rise notably, because the MSSM is a gauge theory with
two scalar doublets. The heavy top quark and scalar tops
will in particular contribute a considerable correction to
the mixings that will be necessary for the physical process
involving the CP-odd neutral Higgs or the charged Higgs
bosons. To our knowledge, from the viewpoint of gauge in-
variance, this subject is less discussed as a part of system-
atic MSSM renormalization, although various treatments
have already been adopted in individual cases from the
subtraction of Goldstone propagators. Since the Ward-—
Takahashi identities (WTT) play an important role for the
renormalization of gauge field theory, we tried to general-
ize the treatment in [12] to this MSSM case for the coun-
terterms of gauge-scalar mixings.

The present paper is organized as follows. In Sect. 2,
we introduce the conventions and notations for the MSSM.
In Sect. 3, we accomplish the Aoki—Denner form of the
renormalization of the MSSM, including the pole mass of
the lightest CP-even Higgs boson and the on-mass-shell
counterterms of (. In Sect. 4, we give the wave-function
renormalization constants of gauge-scalar mixing terms.
We briefly discuss the application of these formulas in the
last section. Some essential expressions are listed in the
appendices.

2 Tree-level structure
of the MSSM and notations

In the MSSM, the original SU(2); ®U(1), gauge-invariant
Higgs sector reads,

Ly = H\D' D" H, + H,D}, D4 H, (2.1)
where DY = 0 F (i/2)g1 B* — igaT*W* *. For low-
energy phenomena, the Higgs sector of the MSSM has a
soft-broken potential with explicit CP conservation,

Viote = miH  Hy +m3HoHy — m3 (e HEHS + h.c.)

2
+ %g%HlHl — HyHy)? — %2|H1H2\2, (2.2)
where m3 is defined to be negative and €12 = —e3; =
-1, g% = ¢? + g3. Now can we clearly count the five pa-
rameters of this model, g, g2, m?, m3, and m% (where a p
has been absorbed into m? and m3). In the Higgs sector,
this model has fewer parameters than 2HDM, so it should
be more predictive.
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Down to the electroweak scale, scalar fields develop
their vacuum expectation value (VEV) vy # 0,vy # 0 and
mix into mass eigenstates. As the components of @1, @5 in
[17], the doublets read,

C(HEY (o + e —ix)/vV2
)

_(H\ _ o3
= (H) - <<v2+¢3+21x3>/ﬁ> - @9

Neither v; nor v, is an independent new parameter if
we work in the renormalization of the five parameters.
They can be induced as functions of the five parameters
by means of the minimum point of the potential [18]

o v

— = — =0 11 field 0).
o, Bog , (all fields = 0)

(2.4)

And v = \/v? + v2 gives the mass of gauge bosons simi-
larly to what we have in SM.

Furthermore, we choose the mass of pseudoscalar Higgs
M 4 and the mass of heavier CP-even neutral Higgs My as
the input parameters (experiment data expected) for the
Higgs sector. Then other parameters can be represented
by these five independent parameters.

My (M3 + M7 — M)

2
cos“203 = ENE (2.5)
M2 + M2
tan 2a = tan 26%, mg = fMi sin 3 cos 3,
v1 =vcosf3, vy =wsinf (2.6)

A superscript 0 has been omitted in each symbol of an
electric neutral particle. We shall see later that (2.5) and
the first equation of (2.6) can be used to define 8 and «
loop by loop. At tree level, (2.4) explicitly results in

0 = m2vsin B + v cos B(m? + M% cos 23/2),
0 = m3vcos 3 + vsin B(m3 — M% cos23/2). (2.7)

These equations are based on (2.5, 2.6), and mean that
m?2, m3 can be considered as functions dependent on M4,
My, Mz, My, and e. Equations (2.7) will be changed
by loop correction, although they lead to simple tree-level
mass for Higgs bosons, for example,

M} =

[ M3+ M3 —Al, Mg, = M3+ Mg, (2.8)

N =

where A = /(M2 + M2)2 — 4M2M3 cos? 23.

The gauge-Goldstone mixing terms must be encoun-
tered when the gauge-invariant eigenstates are transformed
into the mass eigenstates. For example, for the Z boson
there is one term Z#0,G with a coefficient (vq cosf +
vy sin B)\/g? + ¢g3/2. In the parameterization taken here,
this mixing term becomes

Lonix = —Mz 2"9,G. (2.9)
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Fortunately, this mixing can be canceled at tree level by
the so-called gauge-fixing term

Lo = (0,2" + 0. MyG)?, (2.10)

2az

which is necessary for the quantization of gauge fields. The
cancellation mechanics is also valid for the W gauge boson
and photon.

Here we have chosen the SM-like gauge-fixing, and in
the following calculations, we will adopt the 't Hooft—
Feynman gauge, o, = o, = a4y = 1. Finally, the physical
results are gauge-independent.

3 The renormalization procedure
in the scheme

A practical procedure of renormalization is expected when
perturbative calculations are performed. One mediocre
choice is to follow the formulas listed in [14] and to include
the virtual SUSY particles into radiative loops, with the
statement that the tree-level relations are spoiled. How-
ever, another choice in [7,8] has implied that it is not nec-
essary to give up all SUSY relations. As we will see below,
our realization will also reduce the number of independent
counterterms counting on the SUSY potential (2.2) in the
conventions of [12,13]. In principle, the renormalization
in [12,13] is equivalent to the one in [9], although the two
should not be used in a mixed way, so our manipulation
has to be represented from the beginning.

3.1 General framework
Our scheme, as in most cases, defines explicitly the renor-

malization constants of fields, which are just the mass
eigenstates,

1/2 1/2
Z Z Z Z
Wi:>Z1/2Wi , ( /t) = Z Zy ( u)7
a W Ay Zi/ZZ Z;/ 2 Ay
1/2 1/2
(&)~ (% 28) (2)
Zaa Zd
1/2 1/2
HY _ (z{* Zifp \ (H
h Z1/2 S1/2 h)
ZnH h
We intend to omit the subscript R (meaning renormal-
ized) unless the renormalized quantity is not equivalent to

the physical one. Here we have not taken the renormaliza-
tion to the gauge eigenstates used in [7] and [8], such as

(3.1)

W,L:> 72 W ,
(3.2)

H;= Z}/’H;, B, = Z}/’B,,
s =1+0ely"),

which seem more compact and concise, so we have to seek
an alternative way to treat tadpoles and to define §3. As
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to the input parameters, our scheme prefers the renormal-
ization to the five physical parameters below:

M3 = M% + M3
M3 = M3 +om?
e= e+ de

M, = M3, + 6 M,
M% = M+ om?,
(3.3)

where My,, My are the masses of the gauge bosons and
e is the electric charge of the electron, and these three
are all renormalized with the conventional treatment in
electroweak SM [9,12]:

Re Lz (k%) |ke—arz

= [Yz(k%) — M2 4+ 6Z5(k* —
Re Sy (k> Mk2=nr2,

= [Zw (k?) — OMZ, + 6 Zyy (K?

Dliee(k® =0, p =4 = me)

The Green function with a hat is the renormalized one.
Regarded as the physical mass of the pseudoscalar (heavy
CP-even neutral) Higgs boson, the M4 (Mp) in (3.3) fixes
its corresponding counterterm in the same way as the first
one in (3.4); this will be demonstrated later.

In addition to the wave-function renormalization of
the charged Higgs, the renormalization of physical Higgs
masses,

M%)]W:Mg =0

- MI%V)}ICQ:M‘%V =0

= iey# (3.4)

MP = M} +6M7 Mz, = M7z +6Mz., (3.5)
makes the renormalization of 2HDM (including the MSSM)
complete. In the conventional treatment [21,14], (3.5) fixed
the counterterms of Higgs masses, and gave no information
on the value of these masses. However, in the MSSM we
can give an alternative interpretation to (3.5) from which

we can obtain the magnitude of Higgs masses.

3.2 Constraints on mass counterterms

In the MSSM, the mass relations between gauge and Higgs
bosons are connected by (2.7), (2.5), and (2.6). Since the
renormalization should not increase the number of in-
dependent (free) parameters, we have to reproduce the
masses of bosons through the breaking of gauge symmetry
to investigate how those connections can be regulated by
the loop corrections. In other words, the relation between
different counterterms should be determined by these con-
straints. Then the rescaling of the scalar’s VEV (i.e., the
renormalization of those constraints) is of prime impor-
tance. For convenience, we build a generalized form of
(2.7)

T, = %{[Smg cos (3 + sin B(8m3 — g*v? cos 23)] cos a
—[8m3sin B + cos B(8m? + g?v? cos 283)] sin o}
T = %{[8m§ sin 3 + cos B(8m3 + g*v?

— g*v% cos 23)] sin a}.(3.6)

cos2f3)] cos a

+[8m cos 8 + sin B(8m?3



116

The vy, vo should generate properly the masses of gauge
bosons and fall into the last two of (2.6) order by order.
To generate the masses of Higgs bosons, it is convenient
to employ the original coefficient matrices in the bilinear
terms of scalar fields. The matrices (compressed by a fac-
tor of 1/2) have been rotated off gauge basis but their
being identified as the physical masses are not necessary.
for the identification of the physical masses. The most im-
portant one is the mass form of the pseudoscalar A,

Maa = 2] (—4m? + 4m3 — g*v? cos 23) cos 20
+4(m? 4+ m3 — 2m3 sin 209) ]/16, (3.7)
which is simply an equation to solve m%, m3, and m2, cou-
pled with (3.6). It is easy to check from (A.2) in the ap-
pendices that m?, m3, m% return to their tree-level form
(2.7), (2.5), (2.6) only if ¥ = 3,7, = 0,7y = 0. Then
the mass matrices (quadratic form) of the Higgs sector can
be recast as functions of e, My, Mz, Ma, M% (or tan 3).
These principal parameters (e, My, Mz, M4, Mp) can
run from their bare values to the corresponding renormal-
ized (physical) one, as described in (3.3). When such a
replacement is performed, a natural renormalization con-
dition shows up,

ER = Tn(er, Mw g, Mzr, Mag, M) =0,
T = Tu(er, Mw g, Mz g, Magr, Mirg) = 0. (3.8)

This indicates nothing more than that the physical rescal-
ing of VEV eliminates the linear terms of physical Higgs
fields, so that each renormalized (one-point) Green func-
tion has a tree-level form in renormalized parameters, and
so that v;r is just the position where the Higgs potential
reaches its minimum. The reasonable relations

01001 +v90U2 = VOV, Z—Q (51}2 — 5:1> =sec’ 3463 (3.9)
1 1

U2

rather than dvs = dv; = dv = 0 have been used in this
scheme. To demonstrate how &4 is traded for dM%, we
write the other two transformations,

Maale, My, Mz, Ma, My) = M3 +5M3 ,

MHH(E Mw,Mz,MA,MH)
= [(4m? + 4m3 + g*v?) + 2(2m? — 2m2 + ¢%v? cos 2)
x cos 2a + 2(4m3 — g* sin (B cos 3) sin 20 /8

1
=3 [M3 + MZ + A] + Tun = ME g+ {dMpyy}

1 9A
[M,%,+T§H]+{[< +8M2>5MA
+ (1 + ;;?2) M2 + 8?55} +THH}

= [ME + Ty + {[0M3E] + Tun},

(3.10)

where Ty p is a linear combination of 7, T and 7}?}1 =0.
With T} and Ty, which are the counterterms of neu-
tral CP-even Higgs tadpoles, equations (3.9,3.7) as well
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as equations

E(e;MW7MZ7MA7MH) = 77LR +Th = 0+Th,
Tr (e, My, Mz, Ma, My) = T + Ty =0+ Ty, (3.11)

can induce

MAG(e, MWv MZ» MA) MH)
= ML)+ dMac
M? (vg cos ¥ — vy sind) R
p— T
v1 cos VY + vy sin ¥ +Tag| + Tac
Mupn(e, My, Mz, Ma, My )

= MlgR + 77112 + [5M;% + Tth

(3.12)
where M7, obeys (2.8), and 6 My, is just its variation,

1 0A
6Mhh55M}%+Thh:Thh+<2 8M2)6MA

1 0A

+<2 8MZ>5MZ aﬁé,é’

Here rotational matrices for scalar fields have been de-

fined with different angles, as shown in (A.1). An easy

algebra shows that 69 (or §97) can be canceled automat-

ically and neatly by 63, only if 3 = ¥ = 97 is set in

the coeflicients of these counterterms. This pleasing result

implies that in this scheme, the angles for Higgs coupling

to other particles can be kept as only one angle, i.e., (3.

In addition, single §3 is sufficient and consistent for any
one-loop calculations.

(3.13)

3.3 M}, as the pole mass squared

Combined with the field renormalization in (3.1), the mass
counterterms mentioned above can be fixed by the so-
called on-mass-shell renormalization conditions in the
Higgs sector as follows.

(i) The tadpoles:

0=TF+Th+t", 0=THF+Ty+t". (3.14)
(ii) The heavy neutral CP-even Higgs:

d 2
dquEHH(q Noz=mz +Zun + Zan =1

Re EAH(Q2)|q2:M§{
= [Zuu(®) + (Zu + Znm)d’] lp—nr2,
2Z1/2 1/25/\/1Hh —Zg(Mpg +0Mpyn)
~Zna(Mpn +0Mpp) =0
Re Lan(q®)|g2—arz,
_ {ZHh(QZ) n (ZJIHT/}?ZII-I/Q n Z1/221/2) qQ} iz
*Z%{Q 1/2 (Mpp, + M)
—Z1/2 1/2(/\/1HH + 0Mum)

3 (Z;/z 2% 4 727 1/2) M, = 0. (3.15)
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(iii) The light neutral CP-even Higgs:

d
e Znn(@®) + Znn + Zng = 1

Re Z‘hh(q2)
= [Zh(®) + (Zn + Zun)d?]
—Zan(Mug + 0Mpm) —
Re Snu(q?)
= [Zm@) + (2253 + 234 23" ) 7]
Zy2 22" (M + 6 Man)
—21/2 1/2(MHH +O0Mpm)
_ (leq/2Z1/2 + 21/2 1/2) SMgn = 0.

— Zpn(Mpp + 6 Mapp)
22,2 7225 Mpy, = 0

(3.16)

The subtraction for the neutral CP-odd Higgs A has the
same form as (3.15) when a field substitution {H,h} =
{G, A} (M& = 0) is made. The symbols t", t#  Syp,
Xhh, Xnm, Xaa and X4 denote the 1PI Green functions
(loop momentum integrals with UV divergence). For the
sector that concerns the selected input parameters, it is
easy to solve:

Ty = —t", Ty =—t"

d
SMY = Sypg(ME) — Ty, 072y = fd—qQEHH(Mfl)
52,y — 2hi — S (M)
Mg — M,
2 2 d 2
6MA:EAA(MA)7 6ZA:_d7q22AA(MA),
d
6ZG = d 22(;(;( )
_ 2
5Z¢a = JLea = Tea(M)] (3.17)

2 ’
M3

in which (3.10) and (3.12) have been used.

It is notable that the variable in Xy is the physical
mass M3 in (3.15), while it is also M% . On the other
hand, the variable of X, in (3.16) is not M?5 but the ¢°
to solve. The physical (pole) mass of the light Higgs can
be solved as a function of M%, M%, M2, e. The Taylor
expansion may simplify the analysis and help us to realize
this point.

1 2 d?
¢* = Mip + §(q2 — Mjlg) quQZhh(QZNq?:MgR

+0 (¢ = Mip)")
~Znn(MER) + Thn

The choice ¢? = M% in (3.15) makes (3.16) independent
of §A (i.e., 68) when these two equations are combined
together:

+ % [6MZ + 6M3 — 0A]

(3.18)

2 d?

1
quM%""Mfl_MIQi"_g(q?_MgR) Fere

117

X Zpn(@*)g2=nsz,, + O ((q2 - M}%R)S)
— [Znn (M7g) + Zun (M7)] + [6MZ + 6M3]
+ [Thn + T (3.19)

The d?/(d%¢?) Xnn(qg?) lg2=ns2,, term is UV finite unless the
order of divergence in the sélf—energies of the scalars are
higher than quadratic. Had not the SUSY been broken,
the remaining Ehh(M}%), EHH(MIZJ), EAA(M,Qq), EEZ(M%)
and T, Thy, would also be convergent in a superrenor-
malizable theory. Although the breaking of SUSY causes
those tadpoles and self-energies to diverge, we can put for-
ward the question of whether the cancellation will remain
accommodated.

The possibility for the last line in (3.19) to be UV finite
was hinted at in the Appendix E.7 of the second report in
[1] and also was indirectly verified analytically in [19]. Our
combination of self-energies for Z#, A, H, and h bosons
n (3.19) were employed as the “renormalization of the
neutral Higgs boson mass sum rule” in [15,20].

We have examined it with the top quark and its squarks
in one-loop corrections. We can manifest the UV diver-
gence in these 4 x 7+ 2 x 3 = 36 diagrams to cancel
neatly.

3.4 My input scheme and the counterterm of 3

One may have noticed our using (2.5) for (3.19). This
means we have defined § as an induced variable through
(2.5) perturbatively. This definition requires the validity
of a relation in the MSSM at tree level,
M3 — M3 < M3 < M§. (3.20)

It is known that there is no experiment so far that rules
out such an inequality, although LEP does not prefer an
SM Higgs to be lighter than gauge boson Z [22]. Here, we
think it can be a possible testing point for the MSSM.

There is also no theoretical evaluation that opposes
(3.20). In fact, the MZ p predicted in the 3 scheme is des-
tined never to be in conflict with expression (3.20). The
EP [2] performed few numerical evaluations for M7 p. One
typical numerical evolution in the RG approach can be
found in the first paper of [3], and our (3.20) overlaps
most of the permitted region in its Fig. 4b, when their
R = vg /vy is larger than 1. Even those recent works that
include stop mixing and RG improvement, for example
[24], cannot definitely contradict the spectrum (3.20). In
these terms [25], our spectrum translates to M7, — M2 <
£ < M?p, which is a natural parameter space. In the pre-
vious FDC evaluations, the figures in [7,23] confirmed the
same spectra when tan 3 > 1.

Those arguments in the § scheme for the smallness of
60 are just what we need to support the loop corrections
that will perturb (2.5) mildly enough, so we start utilizing
M% directly instead of using 8 as a fundamental input
parameter: M7 = Mglphys = M} . The measurement of

M?% may not occur as early as we expect, but its physical
definition is always more unequivocal than the physical
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definition of § itself. (Another attempt to reparameterize
was made in [7]. There, § was replaced by the mass of the
lightest Higgs boson Mﬁ, which may be measured first.)

The counterterm of M% then leads to the one of 3
through (2.5),

57 (H— A)HA
fP=c—-— -
h=e Mzra
H(A+7 —-2H)AZ AH—-Z2)HZ
Mza

where € = Sign(vy — v1). A, H, and Z denote M3, M2,
and M2, respectively; A means §M3, and so on, and

Myya=4AZ\/HH — Z)(H — A)(A+ Z — H).(3.22)

It is analogous with the renormalization of the Weinberg
angle in SM. There the radiative corrections do not
frighten one away from defining the counterterm of 060y,
by cos? Oy = M2, /M% even before the discovery of gauge
bosons W and Z.

The renormalization constants of other mixings are ob-
tained as soon as M?p is reached:

Zan(MEp) Thn
0Zygn =2 +
Mgp—Mip  (Mpp— Mig)
+ (M}%P — MiQLR)EHh(MIQJP)
(M12~IP - MI%R)(MI%IP - M}%P)
d
0Zp = _@Ehh(q2)|q2:Mﬁp; (3.23)

they are useful for practical manipulation. Similar treat-
ment can be applied to the charged Higgs as listed in the
appendices. The frequently used rotation angle o of CP-
even Higgs is defined in the first of (2.6), and its countert-
erm is

M2 + M3

1
da = 5 CSC2 2 lQ CSC2 26m6ﬁ

MZ5MZ — M35M3
(M3 — M3)?

+2tan23 ] (3.24)

Now, the radiatively corrected tree-level relations are only
(2.8). Even these equations will remain valid unless we in-
sist that M7, (M3, ) is a physical mass of (charged)
Higgs. The perturbative MSSM permits a chance to cal-
culate the dependence of M7 5, M121+P’ B, and « on e, M2,
ME,, M%, and M, which will be given as input parame-
ters from experiments.

A numerical investigation is given in Sect. 5, where
we will show that the reparameterization 8 = M% has
not caused any considerable numerical distinction from
other schemes. Now we turn to another important aspect
of MSSM renormalization, the consequence of gauge in-
variance.

L.-Y. Shan: Alternative mass-shell renormalization for a minimal supersymmetric Higgs sector

4 Renormalization of gauge-Higgs mixing
from WTI

The appropriate renormalization of the gauge-fixing term
(and consequently of gauge-Higgs mixing) should be con-
sistent with the renormalization of VEV (and consequently
of ); we study this carefully below. Following [27] and
[12], we change nothing else but attach a subscription R to
the fields and parameters in (2.10). Then, in our scheme,
the renormalization keeps the form of (2.10) unchanged.
The main reason is that our renormalization procedure on
the classical Lagrangian has already been built to cancel
all the UV divergence in the proper vertices. It is con-
venient to examine this point by an auxiliary generating
functional action [12]

I[F, K] = —ilog{ / [DF(x)] Exp [i / dxc(x)eﬁ}

+J(z)F(z) + K(:v)éF(w)}

—I—ilog{ / [DF(z)] Exp [i / dzg(z)gf} },(4.1)

where [[DF(z)] denotes the functional integrating of all
the fields F(x), such as vector, scalar, and ghost fields.
0F () is the variation of F'(z) under the so-called Becchi—
Rouet-Stora-Tyutin (BRST) transformation [26], and
K (z) is the corresponding external source. The contribu-
tion from the BRST transformation term is added to

Leg = Lo + ng +Lrp (42)

Since there is only quadratic field production in the gauge-
fixing term, the contribution from Ly in I'[F, K| will be
made to the physical proper vertices merely within the
inner propagator of loops. So the deduction of Ly in (4.1)
means that no renormalization substitution is needed for
L within L£(z)es. Further expounding necessitates the
important WTTI (strictly speaking, it is the Slavnov—Taylor
identity), which is held in both 2HDM and the MSSM,

/ gy 0T 8 8T or
Y57, () Ky (x) | 0A,(x) 6K (x)
N or  or N sr oo N or or
0G(z) 6Kg(z) O0A(z) 6Ka(z) 6C%(z) 0Kz (x)
Lo or (4.3)

0CY(z) 6 Ko (x)

where the symbolic F'(x) has been embodied as the neutral
vector boson Z, (photon A, or v) and its corresponding
ghost C# (C7), the neutral unphysical Goldstone G, and
the pseudoscalar A. The K;(z) is the BRST source cou-
pled to corresponding fields respectively. When the func-
tional differentiates 62/(62,,(y1)6C% (y2)), 62/ (6G (y1)6C#
(1)) 8/ (BAW)OC? (1)), 02/(3A(y1)6C% (ya)), 2
J(6 4, (32)C7 (42), and 62/(6A4,(41)0C% (3)) are perfor-
med upon (4.3), a set of WTI such as (C.1) are obtained.
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There, Gf; denotes an auziliary two-point 1PI vertex in

momentum space, and f [C?, K;] denotes the Fourier trans-
formation of (621") /(§C*0 K ). The latter can be calculated
from

6G = TC7 — LCHG + 06
+gCZ[H cos(a — ) — hsin(a — 3)]

5A = %Cz[h cos(a — B) + Hsin(a — B)]
_%[Cﬂr +C~HT]

2
52, = —%(WJC’_ ~ W, C")+08,07

JA, = _lgiqg? (W;FC™ =W, C) + 8,04, (4.4)

For example, we have

% Ky =k, J(k*), T[C% Kg)=—iMzI(k*) (4.5)
and so on. It is lucky to find that for most of these physi-
cal vertices G{ ;, their coefficient functions usually vanish
at tree level. Those unphysical vertices I'[C%, K] can be
eliminated away as they had been treated in [12] even
in higher-order perturbative manipulation. Furthermore,

when the corrections of Gf ; are considered merely to one-
loop level, I'[C*, K;] can be kept at lower order; then the
tree-level form J(k?) =1, I(k?) = 1 is sufficient for these
equations,

Gk, + G (—iMz) = 0,
Gk, + Gac(—iMz) =0,
G’;Eku =0, Ay k= 0.

Gégzky + Gog(—iMz) =0
Gk, + G o(=iMz) =0
(4.6)

Except for the third and the sixth, these equations are
recognized just as the ones known in the SM. For exam-
ple, [9]gave similar expressions by means of the generating
functional of the full Green function.

With the definition of the renormalization constants
226,0Z4z,02yq, and 67 4~ from

GrzG = Zza(—iMzk") + Gy,
Ghay = Zza(iMgk*) 4+ Gl

Cj“AZ = 5ZAz(iMsz”) + GIZ!Z’
GG = 0Z,a(—IMgk") + Ghg

GHay = 0Zay(iIMzE") + G, (4.7)

the equations in (4.6) can also constrain the renormalized
vertices,
krkY
L2
+(—iMz) [Zza(—iMzE" )+ Go] =0
ky [Z26(iMzk") + G4 + (=iMz)[Zak* + Gaa) = 0

k, |(M% +6M2)Z, + G,
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ky[0Z74(AMzE") + GY, ]

H(—iMZ)[ZHZ M3 + Gac) =0
2 ,1/2k*EY
k(M5 +6M3) 2, 2,/ =
+GY )+ (—iM2)[6Zya(—iMgEY) + GG = 0

krkY w
ku[(M3 + 5M%)ZZ’Y? +GH) =0,

ky |62, (M 2E") + ijw} —0 (4.8)

When we contract the first one in (4.8) with a &, and add
it to the second one which is produced with an iMz, the
Zz¢ will be fixed naturally. The last two are the trivial
constraints, which repeat the fact that the propagator of
massless photon is transverse and that A*—A mixing is
UV-convergent at one-loop level.

1 1
0Zz¢ = 5522 + §5ZG +

M2
M2

1 1
07 Ay = §6ZGA 62761 = §5ZZW 5Z’yA =0 (4.9)

We know that it is the proper vertices that go into
physical calculations and that I" in (4.1) is just the gener-
ating functional of proper vertices if its gauge-fixing term
is restored. When we return the gauge-fixing term to I,
only the unit term in the original gauge-scalar mixing is
canceled, since the gauge-fixing terms are kept unchanged
in this scheme. The true renormalized proper vertex is
given by our scheme,

Iryq = 6Z7a(—iMzk") + GF za

ﬁ'uAZ = G“Az, f“wg = Gq“.yg. (4.10)
It is worthwhile to notice that the M 4¢ (the tadpole in
(3.12)) must be included in G 4. Otherwise, the UV diver-
gence in the Z,—G transition can not be canceled neatly;
this is formally stated by the third of (4.6). Since these
renormalization constants of mixing ought to be inserted
into the amplitude of some physical processes, the tad-
poles should not be dropped away naively; thus they sup-
port our definition of 65 for a UV-finite S Matrix. In such a
way, when the relations of proper vertices are constructed
appropriately, (4.6) guarantees that such a perturbative
definition can make the renormalized Green functions in
the left side of (4.7) be UV-convergent.

For comparison, we perform the renormalization re-
placement up to the linear order of ¢ listed in (3.1) but
leave Lqr unchanged. After having collected the dimen-
sionless coeflicients of the gauge-scalar fixings Z,0*G,
Z,0*A, A,0"G, and A, 0" A, respectively, we find run into
(4.9) again.

Lo = —M22"9,G
= — (Myz +8My) |2,/ 2" + 2,/ A¥

<o, [zdia+ 2]
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Fig. 1. A radiatively corrected light CP-even Higgs mass is plotted as a function of M4, tan 8 varying implicitly from 1.4 (small
May) to 80 (large Ma), with My fixed. The solid (dashed) lines are for the heavy (light) stops, with u = 0 (deferent p marked
for 6; = 0), and the thin (thick) lines are for zero (maximal) mixing

1 1 SMy
=My {2522 +50%a+ 3

} 7"9,G

— My BazGA} Z19,A — My {;5227} A*0,G

+0 A*9,A (4.11)
Analogous cases take place for electric charged gauge-
scalar mixing and all other truncated Green functions.
This means simply that the WTI has ensured that the
renormalization with Lgr left out, can cancel all the UV
divergences.

In fact, we could have renormalized Ly with explicit
renormalization constants like the last line in (3.2). As a
consequence, we would have to seek proper counterterms
for a, [9], so that all these divergences could be canceled
within the L4¢ terms. We have not followed such a method,
and we prefer to succeed the inference of the work [28] to
economize on the renormalization of Ly at the beginning.

5 Discussions and conclusions

When such a systematic renormalization scheme of Higgs
sector and gauge-scalar mixing is completed, the calcu-
lation of the S matrix can be organized in an apparent

and simple way, like in [13] and [15]. Here we just want to
know by which feature and to what extent we can judge
whether the lightest Higgs is of SUSY or not, if it is finally
excited somewhere. Thus (3.19, 3.23,3.21, and 3.24) have
to be employed for a complete simulation. Equation (2.8)
sets the mass of the lightest and the charged Higgs when
they appear as virtual particles in the inner line of loops.
A symbolic M?,(M7, ) can save bookkeeping for the
physical mass of the light CP-even (charged) Higgs and
the scheme can undoubtedly also work out their magni-
tudes (the radiative correction to M7, or M7 ).

After the Taylor expansion in (3.19), the manifestation
of the UV cancellation is straightforward in our analysis
expressions. For it, we use expressions such as cos2a =
—cos28(M3 —M2)/(ME—M2), M2, +M3 — M3 +3
and a relation in the stop sector 2M;(A, + pcot ) =
(M7 — M2 )sin20; (where 6; is the mixing angle between
the left and the right hand stop quarks). However, that
series is not convenient for a numerical solution, so we
iterate ¢® near M7 using a standard FF package [29]
until our (3.19) is satisfied. In our scheme, the expres-
sion (3.20) means that we can not make a global plot for
My p against M4 (Myg) when My (My) is fixed. We in-
vestigated the range M4 (Mpy) ~ 110,250,500,850 GeV
respectively with a top quark mass M; = 175 GeV as
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shown in Fig. 1. As to the parameters in the stop quark
sector, we prefer to the physical masses of stops and their
mixing angle. We survey both zero (6; = 0) and maximal
(0; = 7/4) stop mixing and, moreover, for each value of 6;
we investigated both light stop spectra (M7 =70 M;, =
230 , just over experiment bound [30]) and heavy spec-
tra (Mz = 250 M;, = 850 GeV, near TeV). We also
reproduced the conventional plot in Fig. 2 to show tan 3
dependence through (2.5).

One can still recognize Mpp from the profile in our
Fig. 1, although they may seem a little unfamiliar to eyes
accustomed to Fig. 2. The tan3 ~ 1 protrusion near
My ~ 350 GeV in Fig. 2, which is the threshold effect of
the virtual particles in the scalar integrals (By functions),
can be boxed out if the curves are plotted within a M4
range as small as [8,23]. After the comparison of our Fig. 2
with Fig. 2a in [7], Fig. 1 in [8] with our Fig. 1, and the
figures in [23], one can conclude that the dominant radia-
tive corrections for the lightest Higgs has been acquainted
properly, although a more accurate prediction for its mass
is not reached in this paper, since neither the whole vir-
tual particles nor the two-loop effect were included in our
numerical iteration.

It is indeed well known that there exists a UV-finite
difference in the different renormalization of a parameter.
Nevertheless, the difference for 8 is within the current
order but not in the next order even given the same mass-
shell scheme. We have systematized the renormalization
of fields and parameters into a complete FDC procedure,
which is designed for a simple and consistent amplitudes
calculation with neither EP nor RG, since less junction
means less uncertainty. This realization is also compati-
ble with the taking over of the conventional treatment in
[12,9,13,14] for the renormalization of SM gauge bosons,
fermions, and couplings. If the Higgs and stop sector data
are measured in future experiments, one can make a more
meticulous simulation to test which realization of pertur-
bative expanding will approach fast and fit well. Further-
more, given a possible parameter A, (like the A, [31] in
SM), (2.5) may hold, even if future experiments give us
an alternative observable with more precision than Mg or
My.

This systematic renormalization for the MSSM neces-
sitates the SUSY partners of the involved virtual particles,
no matter how heavy those partners would be. Otherwise
the UV divergence would be left in the mass of the light
CP-even (charged) Higgs boson or in the physical ampli-
tude in calculations. The decoupling theorem [19,32] still
holds, but in a mode in which a particle has to decouple
with its SUSY partner when UV divergence is needed to
cancel, while a particle will suppress its contribution to the
virtual correction when its mass is much larger than the
energy scale of the physics. If one uses the decoupling theo-
rem in a manner such that all the fields of SUSY partners
are integrated out from the original MSSM Lagrangian,
i.e., one follows the scheme for the 2HDM in [14], then
the price is that the angles 8 and « and all the masses of
the Higgs bosons have to be input as independent FDC
parameters. Anyway, that 2HDM and this MSSM have
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Fig. 2. A radiatively corrected light CP-even Higgs mass is
plotted against an effective tan 3, where a moderate representa-
tive magnitude is adapted randomly for other parameters. (For
example, 50 ~ Ma ~ 500 GeV, Mz = 200 M;, = 500 GeV,
1 = 0). Stops have zero mixing 6; = 0 in the upper figure and
get their maximal 6; = 7/4 in the lower figure

the same gauge structure, so our (4.9,4.10) are still valid
and utilizable.
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A Appendix A: Mass vs. gauge eigenstates
in the MSSM

1. MSSM field representation
The MSSM field representation is

HY [ ¢ Sa o G
h ) \—s4 co ¢y )\ A
_ [ ¢t Sv X} G*
—s9 9 )\ x5 ) \HT
o eor ser\ (97
B —Sy+ Cy+ ¢§r ’
where cy+ = cos¥t, sy+ = sindT and so on. At tree level,

¥ = 9T = B. This renormalization can accommodate even
the renormalized 97 = 9§ = g% and 69 = 69+ = 413.

2. m? expressed as physical parameters
One can solve m2, m3, m3 as a function of Maa, Tu, Th
in the MSSM:

(A1)

m? = —sec®(8 — ){[~16Maa + 2(8Maa + 29%v°
x cos?(3 — 1)) cos 28] /32 — Ty cos I[cos(a — B — 1))
—2cos(a + f — ) — cos(a — B+ )]/ (2v)
—Th cosV[—sin(a — B —9) + 2sin(a + 5 — V)
+sin(a — B8+ 9)]/(2v)}

m3 = sec? (B — V){[16 Maa + 2(8Maa + 2g°v*
x cos? (8 — 1)) cos 23] /32 4 Ty, sin ¥[cos(a — B — 1)
+2cos(a+ 3 — ) + cos(a — B+ 0)]/(2v)
+Tx sindsin(a — g — ) + 2sin(a + 8 — )
+sin(a — 8+ 9)]/(2v)}

m3 = sec?(3 — 9){Tn[cos(a + B) + cos(a — () cos 209]/(2v)
+Trr[cos 20 sin(a — B) + sin(a + 8)]/(2v)

—M?sin23/2}. (A.2)

3. Mass form
Multiplied by a factor of 2, the matrix elements rotated
from the original potential read

Mag = Mga = [8m3 cos 20 + (—4m? + 4m3 — giv?
—g5v7 + g7v3 + g3v3) sin 20] /4

Maa = [(4mF — 4m3 + giv} + g3vf — givf — gov3)
x cos 20 + 4(m? + m3 + 2m3 sin 29)] /8

My, = [4m] + 4m3 + giv} + g5v? + givs + g3v5
—2(2m} — 2mj + givi + g3v? — givs — g3v3)
x cos 20 + 2(—4m3 + givivg + gEvivg)
X sin 2a!]/8

Mupg = Mpyp, = [(4m3 — (97 + g3)v1v2) cos 2a
+(=2mi + 2m3 — givi — g3vi + givi + g3v3)
X sin 2a!]/2

Muep- = (4m7 + 4m3 + g5v] + g5v3

+(—4m? + 4m3 — givi + giv3) cos 20T
+2(—4m3 + givivg) sin 2097 /4
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Myig- = Mgipg- = [2(4m§ — g%vlvg) cos 20T
+(—4m? + 4m3 — giv? + giv3)sin2097] /4
Merg- = (4mi +4mj + giv] + g3v3
+(4m? — 4m3 + g?v? — gv3) cos 20T
+2(4m3 — g3vyv) sin 201 /4. (A.3)

B Appendix B: Counterterms in the MSSM
1. The counterterms for the combinations of tadpoles are
Taa =0
Ty = % cos(a — B3)[—3Ty + Ty cos2(a — [3)
—Tpsin2(a — B)]
%[Th cos(a — B) + Ty sin(a — 5)]

Toe = [T cos(a — )  Tisin(a — )

Tac =Tga =

Thn = ;—; sin(ae — B)[3Ty, + T, cos 2(a — )
+Tg sin2(a — B)]

Tup = Thy = %[ST;I cos(a — B) + T, cos 3(a — 3)
—4Ty sin®(a — B)]

TH+H* =0
Tuia- =Tagrg- = %[Th cos(a — ) 4+ Ty sin(a — B)]
Torg- = %[TH cos(a — ) — Ty, sin(a — 3)]. (B.1)

These tadpole corrections in CP-even neutral Higgs are
different from the ones obtained by others [15,14]. It is
easy to check that our Ty + Thy is equal to the by +
bprn — baa in [15], and the agg in [19]. However, the
Goldstone-Higgs mixing terms are the same, as pointed
in the context, these Goldstone-Higgs tadpole loops must
be included in the corresponding proper vertex.

2. Renormalization for charged Higgs sector

Pole mass and H*G™ mixing to one-loop order can be
written as

S+ (@®) +(¢* = M g)Zg+ — Mz =0
SM?, =0M3 + M2
Shra+(0) + (0 — Mg
—MENZNIZE L~ Taigs =0
Zhrer (@) + (@ — Mpy g — 5M121+)Z;{/+2Z11{/+26+

1/2 1/2
+ZG/+C&ZG/+H+Q2 —Tg+u+ =0

d
—x H+z A =1.
ag (@) + Zu+ + Zp+g+

(B.2)
The third equation restricts the charged Goldstone pole
mass to be zero, and it is helpful to solve 6 Zg+ g+ in the
fourth equation, which is more useful for physical pro-
cesses. There is an analogous expression for the neutral
Goldstone, but the 6 Zg 4 can be calculated independently.
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C Appendix C: Some WTI in the neutral sector
of the MSSM

The following Ward—Takahashi identities hold in the neu-
tral sector of the MSSM:

Gy, TIC? Ky]+ Gy IC? K]
+GL T(C? Kg) + G ,T[C% K] =0
4o I[C7 Ky + GE I[C7 KY)
+Gaal[C?,Ka) + Gaal [C?, K4l =0
w207 Ky + G4, T[C? KY)
+G g [C? Kg) + Gaal[C%, KAl =0
Gh,I[C%, Ky + GErI[C7 K]
+GULT[C?  Ka) + GY,T[C7 KAl =0
Gh,T[C7, Ky] + GHI[C7, KY]
+GHLT[CY, K]+ GY,T[CY, KAl =0
42 lCY Ky + G, T[C7, K|
+GAAT[C7, Kg] + Gaal'[C7, K 4] = 0. (C.1)

Similar expressions hold for the charged sector and lead
to the W mixing with scalars,

5MZ,

1 1
07 ==0Z VA —
W+G+ w + y0%ar + 2M§V

2

1
0Zw+g+ = §5Z(;+H+. (C.2)
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